Abstract-We present new data and a compact mobility model for semiconducting single-wall carbon nanotubes, with only two adjustable parameters, the elastic and inelastic collision mean free paths at 300 K. The mobility increases with diameter, decreases with temperature, and has a more complex dependence on charge density. The model and data suggest that the room temperature mobility does not exceed 10 000 cm 2 /V · s at high carrier density (n > 0.5 nm −1 ) for typical single-wall nanotube diameters, due to the strong scattering effect of the second subband.
diameter, and temperature. Interestingly, we find that several subbands are always involved in transport at high charge densities (n > 0.5 nm −1 ).
II. MOBILITY MODEL
The 1-D field-effect mobility is μ = GL/(qn), where G is the conductance, L is the channel length, q is the elementary charge, and n is the carrier density per unit length. At low fields not far from equilibrium and in the relaxation time approximation, the 1-D conductance is [9] , [10] G(T ) = 4q
where h = 2π is the Planck constant, λ is the carrier MFP, E is the energy, f 0 is the Fermi-Dirac distribution, and the summation index is over the participating subbands. This approach relates mobility with the (measurable) conductance, the carrier MFPs, and the carrier density. The latter is controlled capacitively through the gate voltage in experiments, setting the location of the Fermi level such that n = g S (E)f 0 (E)dE where g S (E) is the S-CNT density of states (DOS) [1] 
Here,
5 m/s is the Fermi velocity, and u(E) is the Heaviside unit step function. We include the first five subbands, with Δ i = i(E G /2) referenced to the middle of the gap, where i = 1, 2, 4, 5, 7, and plot the DOS in Fig. 1(a) [11] . The band gap itself is
With this formalism in place, we now adapt the approach introduced in [12] for M-CNTs, to relate the microscopic scattering MFPs with the macroscopic mobility and conductance of S-CNTs. We recall that the optical phonon (OP) emission rate in M-CNTs at a reference temperature (T = 300 K) is proportional to the phonon occupation and DOS [12] 
where 300 K, which was recently shown to scale with diameter as λ OP,300 ≈ 15d [13] , [14] . In similar fashion, the OP scattering rate and MFP in S-CNTs can be written at any energy level or temperature as
where the upper (lower) signs correspond to emission (absorption) and the velocity v S = (1/ )(∂E/∂k) is obtained consistently with the band structure in the DOS aforementioned.
Combining (3) and (4) yields an expression for the MFP of scattering with OPs in S-CNTs which takes into account their band structure, temperature, and carrier energy
where the upper (lower) signs correspond to emission (absorption). A similar process is followed for acoustic phonon (AP) scattering, which is considered elastic since AP energies are typically
Here, λ AP,300 ≈ 280d is the second independent parameter of our model, obtained by fitting against experimental data (Section III). The combined MFP at any energy or temperature is obtained by Matthiessen's rule charge density, causing a sharp decrease in mobility due to the higher DOS for scattering. An upkick at low temperature (54 K) near 0.8 nm −1 charge density is predicted and is observable due to the slight charge contribution of the partially filled second subband.
where the subscript "S" was dropped. This is the MFP used to calculate the mobility in (1). Importantly, the Fermi occupation factors (1 − f 0 ) are included to account for Pauli blocking and ensure the final state after scattering is available [10] .
III. DISCUSSION
The computed MFPs are plotted against carrier energy in Fig. 1(b) . Carriers can be either electrons or holes, due to band symmetry in CNTs, although hole mobility is experimentally easier to measure given better p-type contacts [1] , [4] , [13] . Notably, the shape of the DOS has a profound effect on the MFPs, unlike in M-CNTs [12] . The elastic (AP) MFP "dips" correspond to DOS singularities at the beginning of each new subband. However, the sharp features of the OP absorption and emission MFPs occur ± ω OP above or below the locations of the singularities. The combined MFP (7) is shown with a dashed black line, noting that OP emission ultimately plays only a small role in the low-field mobility due to Pauli blocking. The derivative of the Fermi function [∂f 0 /∂E in Fig. 1(a) and (1)] acts as a selection "window" for which carrier energies determine the mobility. The location of its peak is given by the Fermi energy (E F ) as set by the gate-controlled charge density, and the width by the thermal broadening, ∼ 4k B T [10] .
In Fig. 2 , we compare our model with the field-effect mobility extracted from the conductance data of [4] . Mobility initially increases with carrier density, as the DOS in the first subband decreases [see Fig. 1(a) ]. The mobility dips at higher charge density, when E F enters the second subband and opens up a strong new scattering channel. This is consistent with the experimental data and with previous simulations based on Monte Carlo and Boltzmann transport [6] , [7] , but it is successfully reproduced here in the context of an efficient nearly analytic model. As charge density increases further (E F advancing into the second subband), the DOS for scattering decreases once more [ Fig. 1(a) ], which results in a slight mobility rise at 54 K. Peak mobility data from [4] include their outliers. (Squares) Our measurements at high charge density n ≈ 1 nm −1 . Error bars include uncertainty from forward/reverse hysteresis sweeps [16] . The black solid line is the computed peak mobility, and the dashed lines are the model simulations at charge densities as labeled.
We note that this slight increase cannot be recovered when the second band is omitted in our model. Fig. 3(a) shows the charge density where E F enters the second subband for various diameter CNTs. Changing the CNT diameter modifies the band separations and, subsequently, the location of the mobility peak along with its magnitude, which must be kept in mind in practice. In Fig. 3(b) , we compare our model with the peak mobility data from [4] , as well as the experimental data that we have similarly extracted in the course of this work at high charge density, n ≈ 1 nm −1 (a description of our CNT devices is provided in [13] ). Lines represent model simulations for peak mobility, and at various charge densities as labeled. The peak mobility scales as a power law of CNT diameter, approximately ∼ d 2 , in part due to inverse scaling of the effective mass (band curvature) with diameter and in part due to linear scaling of the MFPs with diameter [4] , [13] . However, a more complex function of charge density emerges which cannot be captured on purely analytic grounds but is easy to calculate in our framework. Our model and data suggest that room temperature CNT mobility does not exceed 10 000 cm 2 /V · s at high density (n > 0.5 nm −1 ) for typical single-wall CNT diameters (1-4 nm), due to the strong scattering effect of the second subband.
Finally, it is relevant to comment on the effect of SiO 2 surface optical (SO) phonon scattering on CNT mobility, as suggested by recent theoretical work [15] . In principle, SO scattering should yield a stronger temperature dependence of mobility above 100 K. Within our model, SO phonons can be easily included similar to the inelastic OP scattering, with their own energy, occupation, and MFP fitting parameter at 300 K. However, we find that our calculations reproduce existing CNT mobility data without the inclusion of SO phonons. This does not necessarily imply that the SO phonon role is negligible, since existing mobility data may contain significant surface roughness or contamination to mask their effect (SO phonon scattering decays exponentially with the CNTsubstrate distance [15] ). Clearly, more experimental work is needed to quantify the role of such scattering mechanisms in CNTs.
IV. CONCLUSION
We have presented an efficient mobility model for S-CNTs with only two fitting parameters, the elastic and inelastic phonon scattering lengths at 300 K. Mobility dependence on diameter, temperature, and charge density are reproduced in good agreement with experimental data and full Boltzmann transport simulations. This letter represents a practical approach that fills a gap of computational tools between analytic ballistic models [8] and full-band Monte Carlo simulations of diffusive transport [7] .
